ABSTRACT. We introduce the notion of Fermi flow for hypersurfaces in Riemannian manifolds. It turns out that this is a powerful tool to study the geometry of distance surfaces about a given initial hypersurface. Some of the results in this paper are known in one form or another, however the aim is to demonstrate how they can all be derived by the same method and proved in a very simple manner. In addition we obtain some new results and results that are stronger than those stated in the literature.
Introduction and preliminary results
Let N n+1 be a Riemannian manifold and M n be an orientable manifold (possibly with boundary) that is smoothly immersed by a local diffeomorphism F into N n+1 . Further assume that ν is a normal vector field on M 0 := F (M n ) . Then we say that M n evolves under the Fermi flow if there exists a smooth family of local diffeomorphisms
If M n is compact, then a smooth solution of this nonlinear first order PDE exists at least on some short time interval. Indeed the solutions of (1) are simply given by the foliation arising from Fermi coordinates about M 0 since the surfaces are moving by constant speed in their normal direction (see section 2 for details).
Remark: A more familiar expression for Fermi coordinates in codimension 1 is Gaussian normal coordinates. But the notation "Gaussian flow" would be rather confusing, since this could be mistaken for the flow defined by the Gaussian curvature on M .
If F :M n → N n+1 is another immersion such that F (y) = F (x),ν(y) = ν(x) for a fixed pair (y, x) ∈M n × M n thenF t (y) = F t (x) as long as a smooth solution of (1) exists. Roughly speaking, this means that the solutions of (1) depend only on the exterior geometry. In a more general setting, in [S] , evolution equations have been derived for various curvature flows given by speed functions −f . Here we have f = −1 . Usually one allows f to depend on the second fundamental form of M t . Here it does not, so "curvature" function is somewhat misleading. However, this flow measures the effect of exterior curvature on the motion of hypersurfaces. In the forthcoming we will assume that M n is compact and we also set r = t , since M t = {y ∈ N |y can be joined with M 0 by a geodesic of length t with initial speed ν} as long as a smooth solution of (1) exists.
Letḡ αβ be the metric on N , σ ij , τ ij be the pullbacks of the metric and second fundamental form on M r (e.g.
. Latin indices range from 1 to n , greek from 0 to n and we will always sum over repeated indices. In particular to avoid confusion let us denote the initial pullbacks of the induced metric and second fundamental form on M 0 with ρ ij , λ ij resp. Upper indices are always meant (if not otherwise mentioned) with respect to the metric σ ij , e.g. τ i k = σ ij τ jk where as usual upper indices for metrics denote the inverse.
Then the calculations in [S] immediatly imply the following evolution equations Lemma 1.1 :
τ is the mean curvature, dµ the volume form on M r and R is the Riemann curvature tensor on N .
In the following let r 0 denote the maximal distance (time) for which a smooth solution of (1) exists. We will abbreviate derivatives with respect to r with a prime. Now for any fixed x let η ij (x, r) be the solution of the pointwise second order ODE
Here η kl denotes the inverse of η ij . Note that there exists a unique, invertible solution up to some distance since η ij (0) is invertible. Then we have Theorem 1.2 :
Proof: σ ij and a ij := ρ kl η ki η lj both satisfy the pointwise second order ODE
From the theory of ODE it follows therefore that σ ij = a ij . For (b) we first look at the tensor ρ kl (η kí η lj − η ki η lj ) and by differentiating this we see that it vanishes identically. Thus ρ kl η kí η lj is symmetric in i and j , then (b) is obtained by differentiation of σ ij . (c) is a direct consequence of (a), since locally
where the last equality is true since η ij is invertible and therefore positive definite ( η ij (0) is positive definite). Furthermore det(ρ ik η kj ) does not depend on the choice of a coordinate system. For a constant κ define the function
Let sym k be the k-th elementary symmetric function, i.e. for all a 1 , . . . a n ∈ IR sym k (a 1 , . . . , a n ) :=
where λ 1 , . . . , λ n are the principal curvatures on M 0 .
Corollary 1.3 (Steiner formula) :
If the sectional curvature κ is constant and if we denote the area of M r by |M r | , then
Proof: That η ij satisfies the above equation follows from the fact that it satisfies the appropriate evolution equation. The area formula is then a consequence of Theorem 1.2 (c).
Remark: For an excellent book on Weyl's tube formula and Steiner type formulas see [G] .
as long as f ν > 0 .
Proof: We prove only part (a) since the proofs for (a) and (b) are almost the same. Assume that for positive ǫ, f ǫ is the solution of the Jacobi equation
and let c ǫ :
. Define the symmetric tensor M ij := τ ij −c ǫ σ ij . Assume that r 0 is the first distance where a zero eigenvector v of M ij at one point x ∈ M occurs and let us assume that at this point we have chosen normal coordinates with respect to σ ij such that M ij (and therefore also τ ij ) becomes diagonal and we can also assume (after a rotation of the coordinate frame) that at this point v i = δ i 1 . Now since r 0 is the first distance where M ij v i v j vanishes we must have
on the other hand we calculate from Lemma 1.1 that
Since the solution of the above Jacobi equation depends continously on ǫ we have
as long as f 0 > 0 , where
This proves the proposition.
Corollary 1.6 (Rauch comparison theorem) :
Let N 1 , N 2 be two Riemannian manifolds with sectional curvatures κ 1 , κ 2 and let c 1 , c 2 be two geodesics parametrized by arclength and assume that along these geodesics the inequality κ 1 ≥ κ 2 holds. Assume J 1 , J 2 are two Jacobi fields along these geodesics such that 
2 as long as both solutions exist. That shows that no conjugate point on c 2 can occur before one occurs on c 1 . If we now choose the initial hypersurfaces smaller and smaller, we see that the maximal time for which both solution exist tends to the maximal time for which there are no conjugate points on c 1 .
In the case where w i = 0 we set w i := ǫz i for some arbitrary fixed unit vectors z i and let ǫ tend to zero. This gives the result since the solution of the Jacobi equation depends continously on initial data.
The evolution equations for the mean curvature and the volume form immediately imply an estimate for the volume of a geodesic ball, if the Ricci curvature is bounded below. This well known result is due to Heintze and Karcher (see for example [GHL] ). Unfortunately, almost no results are known when the Ricci curvature is bounded above. We are able to prove such a result under an additional assumption on the curvature tensor.
Definition 1.7 :
We say that the sectional curvature σ is ǫ−Ricci pinched, if for any vector X and any two-plane X ∧ Y the estimate |σ(X ∧ Y ) − 1 n Ric(X, X)| ≤ ǫ holds, where the dimension of N is n + 1 .
We are now going to show, that the ǫ−Ricci pinching is strongly related to the umbilicness of a convex surface.
Proposition 1.8 :
Assume σ is ǫ−Ricci pinched and M 0 is the immersion of a convex hypersurface such that |τ ij − τ n σ ij | ≤ cσ ij . Then as long as M r stays convex, we have the estimate |τ ij − τ n σ ij | ≤ (c + ǫr)σ ij .
Proof: Define the tensor M ij := τ ij − τ n σ ij + (c + ǫr)σ ij and
where ǫ > ǫ As in the proof of Proposition 1.4 we look at the first time where a zero eigenvector of M ij or N ij occurs. With the conventions as above assume that v is a zero eigenvector of N ij (the case M ij will be analogous). Then we have
If M r is still convex, we have |τ ij | 2 ≤ nτ 2 11 and therefore using the ǫ−Ricci
which is a contradiction. For ǫ → ǫ we get the desired result. checks that any geodesic sphere of radius smaller than R 0 is convex since all principal curvatures tend to infinity as the radius tends to zero, and therefore b l can be chosen to be arbitrarily large. Now we use Proposition 1.8 and obtain
Define y := τ n + c + ǫr . Then we calculate
Let f be the solution of f´= −f 2 − m , f (0) = τ − n + c , i.e. f = (ln u)´with u as above. Then (y − f )´≥ −(y + f )(y − f ) and consequently y ≥ f as long as r 1 + r < R 0 and f is defined, i.e. u is positive. This implies
Integration from 0 to r 2 − r 1 gives the result.
Short-and longtime existence results for the Fermi flow
So far we have not proven that a solution exists for some short time interval. In this section we prove the existence of a unique solution and also derive estimates for the maximal time interval on which it is admitted. In particular we show that in some cases we obtain eternal solutions.
Proposition 2.1 :
be a smooth immersion of an orientable and compact manifold and let ν be one of the unit normal vector fields on M . Then there exists an ǫ > 0, a unique family of smooth submanifolds M r and a smooth family of local diffeomorphisms
Proof: Let c x (r) := exp |F 0 (x) rν(F 0 (x)) and define F r (x) := c x (r) . This is well defined since M n is compact and therefore the geodesic equation can be solved uniformly for all x ∈ M n on some short time interval [0, ǫ) . Moreover, F r is smooth since the solution of the geodesic equation depends smoothly on the initial conditions. If we assume ǫ to be so small that the exponential map at each point on the initial hypersurface is injective, then F r becomes a local diffeomorphism. From the Gauss lemma it follows that
is a unit normal to the hypersurfaces defined by F r . This proves existence. Uniqueness follows from Lemma 1.1(c) and the fact that the solution of the geodesic equation is unique.
Remark:
We have just proved that it is possible to reduce the nonlinear system of first order PDE's that is defined through (1) to an n-parameter family of nonlinear systems of second order ODE's modeled over M n .
Definition 2.2 :
Let M be an embedded, orientable hypersurface with unit normal vector field ν and let Γ be the set of all geodesics γ parametrized by arclength with
Lemma 2.3 :
Assume that M 0 is the embedding of a closed, orientable hypersurface in a Riemannian manifold N such that N is connected and N −M 0 is disconnected and consists of two components A and B and let d ν be the self distance of M 0 with respect to the normal vector field that points in direction of A . Then and all p ∈ M t we have d(p, M 0 ) = t .
Proof: Let us first remark that since M 0 is compact and smooth, it is clear that there exists an ǫ > 0 such that d(p, M 0 ) = t for all t ≤ ǫ and all p ∈ M t . Now let T be the first time where this property fails to be true, i.e. the first time such that there exists at least one point p ∈ M T and two distance-minimizing geodesics γ 1 , γ 2 between M T and M 0 , parametrized by arclength with γ i (0) = p and γ i (T ) ∈ M 0 . These geodesics are both normal to both surfaces and moreover γ í (T ) = −ν(γ i (T )) . This follows from the above remark and the fact the N − M 0 is disconnected; therefore,
Thus γ 1 ∪γ 2 is a smooth geodesic arc connecting M 0 with itself. Therefore d ν ≤ 2T . Since both geodesics γ i satisfy γ í (T ) = −ν(γ i (T )), γ i (0) = p , this also shows that M T touches itself and cannot be more than immersed. On the other hand if T < T were the first time where M T becomes immersed, then M T would touch itself at some point p ∈ M T , and from the definition of T we would obtain a contradiction.
Proposition 2.4 :
Let N n+1 be geodesically complete and connected and let
be a smooth embedding of an orientable closed manifold such that N n+1 − M n is disconnected and consists of two components A and B . Assume that ν is a unit normal vector field on M 0 that points in direction of A , that d ν is the self distance of M 0 , and that at any point y ∈ A the sectional curvature σ(y) is bounded above or below by functions Proof: First we obtain from lemma 2.3 that d(F r (x)) = r, ∀ x ∈ M n , as long as r ≤ (1+a ν r) 2 resp. Since N is geodesically complete, the maps F r (x) := exp |F 0 (x) rν(F r (x)) are welldefined, and as in the proof of proposition 2.1 it follows that this is a smooth family of maps and a family of diffeomorphisms provided r is small enough. So the only thing that can go wrong is that σ ij could degenerate, i.e. the eigenvalues of σ ij could tend to infinity or zero. Using Proposition 1.4 and the fact that the solution of the Jacobi equation f´´+ a 2 − 1 , we see that no eigenvalue of the metric can tend to infinity in finite time. So an estimate for the distance, where f µ , f ν become zero for the first time, gives lower and upper bounds for r 0 . One easily checks that these estimates are given by those stated in the proposition.
